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Outline
• Detector Model: arm length of GW interferometer 

coupled to weak gravity


• Quantization of Weak Gravitational Field: Feynman-
Vernon influence functional


• Effective Dynamics for GW Detector: Langevin-like 
equation


• Noise Characteristics for different quantum states of 
GW



Detector Model

Credit: The Virgo Collaboration/CCO 1.0 

Credit: NASA/Public Domain 

Interferometer arm 
 2 freely falling masses≈



Detector Model

Einstein-Hilbert action 2 free particles

S =
1

16πG ∫ d4x −gR − M∫ dλ −gμν
dXμ

dλ
dXν

dλ
− m∫ dτ −gμν

dYμ

dτ
dYν

dτ



Detector Model

M

m

⃗ξ

Reference geodesic: 
Heavy M on-shell

TT gauge coordinate  
system (t, ⃗x)

“Small” physical separation: 
geodesic deviation

··ξ(t) −
1
2

··h(t)ξ(t) = 0

Light m not necessarily 
on-shell



Detector Model
S =

1
16πG ∫ d4x −gR − M∫ dλ −gμν

dXμ

dλ
dXν

dλ
− m∫ dτ −gμν

dYμ

dτ
dYν

dτ

Einstein-Hilbert action 2 free particles

•  : heavy particle on-shell (geodesic motion)


• Fermi normal coordinates:  and 

M ≫ m

Xμ = (t, 0⃗) Yμ = (t, ⃗ξ)
g00(t, ξ) = − 1 − Ri0j0(t,0)ξiξj + O(ξ3)

g0i(t, ξ) = O(ξ2)
gij(t, ξ) = δij + O(ξ2)



Detector Model

S = −
1

64πG ∫ d4x ∂μhij∂μhij + ∫ dt ( 1
2

m ·ξ2 +
1
4

m··hij(t,0)ξiξj)

• Weak gravity: expand at quadratic order in 
; TT gauge choice 

• Small physical separation: quadrupole approximation; 
non-relativistic limit; expand at quadratic order in 


• Keep lowest interacting order 

hμν = gμν − ημν

ξ



Detector Model

S = −
1

64πG ∫ d4x ∂μhij∂μhij + ∫ dt ( 1
2

m ·ξ2 +
1
4

m··hij(t,0)ξiξj)

• Weak gravity: expand at quadratic order in 
; TT gauge choice 

• Small physical separation: quadrupole approximation; 
non-relativistic limit; expand at quadratic order in 


• Keep lowest interacting order 

hμν = gμν − ημν

ξ

∝ R0i0j



Detector response to 
quantized GW

|A⟩ |B⟩

|Ψ⟩ | f ⟩

Initial state of  
gravitational field 

(known)

Final state of  
gravitational field 

(unknown)

Final state of 
detector ξ

Initial state of 
detector ξ

Generic process 



Detector response to 
quantized GW

• Quantity of interest: transition probability from  to 
 given incoming gravitational field state  (in time T)


• Final state  unknown: sum over final states

|A⟩
|B⟩ |ψ⟩

| f⟩

PΨ(A → B) = ∑
|f⟩

|⟨ f, B | Û(T ) |Ψ, A⟩ |2

∼ ∫ 𝒟ξ∫ 𝒟h e
i
ℏ SEvaluated as a path integral

(S = −
1

64πG ∫ d4x (∂h)2 + ∫ dt ( 1
2

m ·ξ2 +
1
4

m··h(t,0)ξ2))



Influence Functional
PΨ(A → B) ∼ ∫ 𝒟ξ𝒟ξ′ exp [ i

ℏ ∫
T

0
dt

1
2

m( ·ξ2 − ·ξ′ 
2)]

× ∑
|f⟩

∫ 𝒟h𝒟h′ exp [−
i

64πGℏ ∫ d4x ((∂h)2 − (∂h′ )2)

+
i
ℏ ∫ dt

1
4

m (··h(t,0)ξ2 − ··h′ (t,0)ξ′ 
2)]



Influence Functional
PΨ(A → B) ∼ ∫ 𝒟ξ𝒟ξ′ exp [ i

ℏ ∫
T

0
dt

1
2

m( ·ξ2 − ·ξ′ 
2)]

× ∑
|f⟩

∫ 𝒟h𝒟h′ exp [−
i

64πGℏ ∫ d4x ((∂h)2 − (∂h′ )2)

+
i
ℏ ∫ dt

1
4

m (··h(t,0)ξ2 − ··h′ (t,0)ξ′ 
2)]Boundary conditions 

depend on  and |Ψ⟩ | f ⟩

Gravitational part of the action: 
quadratic in  hij



Influence Functional
PΨ(A → B) ∼ ∫ 𝒟ξ𝒟ξ′ exp [ i

ℏ ∫
T

0
dt

1
2

m( ·ξ2 − ·ξ′ 
2)]

× ∑
|f⟩

∫ 𝒟h𝒟h′ exp [−
i

64πGℏ ∫ d4x ((∂h)2 − (∂h′ )2)

+
i
ℏ ∫ dt

1
4

m (··h(t,0)ξ2 − ··h′ (t,0)ξ′ 
2)]

FΨ[ξ, ξ′ ] :   encodes the effects of the quantum 
fluctuations of  on hij ξ



• Choice of the quantum state : state corresponding to a 
classical gravitational wave profile 


• Field coherent state:                                                          

• Factorized influence functional:

|Ψ⟩
hcl(t)

|Ψ⟩ = ⨂
ω

|ψω⟩ = ⨂
ω

D̂(αω) |0ω⟩

Analysis of the Influence 
Functional

FΨ[ξ, ξ′ ] = F0[ξ, ξ′ ] e
i
ℏ ∫T

0 dt m
4

··hcl(t)(ξ2−ξ′ 
2)

Vacuum influence functional

where  αω ∝ ∫ dt hcl(t)e−iωt



Analysis of the vacuum 
Influence Functional

• Dissipation term 

• Fluctuation term

|F0 | = exp [−
m2

32ℏ2 ∫
T

0 ∫
T

0
dt dt′ A(t − t′ )(X(t) − X′ (t)) (X(t′ ) − X′ (t′ ))]

Arg F0 = −
m2G
8ℏ ∫

T

0
dt (X(t) − X′ (t)) ( ·X(t) + ·X′ (t)) (X =

d2

dt2
ξ2)

Singular function that is exactly 
computable



Analysis of the Influence 
Functional

exp [−
m2

32ℏ2 ∫
T

0 ∫
T

0
dt dt′ A(t − t′ )(X(t) − X′ (t)) (X(t′ ) − X′ (t′ ))] =

∫ 𝒟N exp [−
1
2 ∫

T

0 ∫
T

0
dt dt′ A−1(t − t′ )N(t)N(t′ ) +

i
ℏ ∫

T

0
dt

m
4

N(t)(X(t) − X′ (t))]
: zero-mean Gaussian stochastic function 

with auto-correlation  and power spectrum 
N(t)

A(t − t′ ) S(ω)



Analysis of the vacuum 
Influence Functional

• Dissipation term 

• Fluctuation term

Arg F0 = −
m2G
8ℏ ∫

T

0
dt (X(t) − X′ (t)) ( ·X(t) + ·X′ (t)) (X =

d2

dt2
ξ2)

|F0 | = ⟨exp ( i
ℏ ∫

T

0
dt

m
4

N(t)(X(t) − X′ (t)))⟩
N

Stochastic average over  
Gaussian “noise” N(t)



Back to the Transition 
Probability

PΨ(A → B) ∼ ∫ 𝒟ξ𝒟ξ′ 𝒟N exp [−
1
2 ∫

T

0 ∫
T

0
dt dt′ A−1(t − t′ )N(t)N(t′ )] ×

exp [ i
ℏ ∫

T

0
dt { 1

2
m ( ·ξ2 − ·ξ′ 

2) +
m
4

··hcl(t)(ξ2(t) − ξ′ 
2(t))}

−
im2G

8ℏ ∫
T

0
dt (X(t) − X′ (t)) ( ·X(t) + ·X′ (t))

+
i
ℏ ∫

T

0
dt

m
4

N(t)(X(t) − X′ (t))]

Gaussian  
distribution

Classical 
piece

Dissipation term

Fluctuation term



Langevin equation

Classical wave profile
Vacuum fluctuations

Radiation reaction

Effective equation of motion for the detector 
including quantum effects 

··ξ(t) −
1
2 [··hcl(t) + ··N(t) −

mG
c5

d5

dt5
ξ2(t)] ξ(t) = 0

Stationary phase approximation: 
stochastic equation for the detector



Analysis of Noise

• Estimate of noise: 

• Vacuum and coherent states:    

• Thermal states:  

• Squeezed states:   

S(ω) = 4Gℏω/c5

S(ω) = 4erGℏω/c5

σ2 ∼ ξ2
0 ∫

ωmax

0
dωS(ω)

S(ω) =
4Gℏω

c5
coth ( ℏω

2kBT )

Exponential enhancement

Cutoff set by  
sensitivity of detector 

∼ 1rad . s−1 − 106rad . s−1

Equilibrium arm length 
∼ 1km − 106km



Analysis of Noise

• Estimate of noise: 

• Vacuum and coherent states: tiny despite claims
  

• Thermal states:   

• Squeezed states:   

σ0 ∼ ℓPξ0ωmax/c ≲ 10−35m

σ ∼ σ0 kBT/ℏωmax ≲ 10−28 − 10−31m

σ ∼ er/2σ0

σ2 ∼ ξ2
0 ∫

ωmax

0
dωS(ω)

Exponential enhancement  
r < O(100) (Hetzberg&Litterer 2021)

Equilibrium arm length 
∼ 1km − 106km

Cosmic background 
(evaporating BHs?)

Cosmology/non-linear effects  
in binary BH mergers

Cutoff set by  
sensitivity of detector 

∼ 1rad . s−1 − 106rad . s−1



Summary
• Model GW detector: cubic interaction  (truncation)


• Stochastic equation: non-linear Langevin equation


• Fundamental noise: tiny BUT potentially enhanced for non-
coherent states


• Influence Functional: semi-classical limit, radiation reaction


• Open questions: estimate squeezing, precise accounting of 
detector characteristics, use influence functionals to study 
backreaction…

hξ2



PΨ(A → B) ∼ ∫ 𝒟ξ𝒟ξ′ e
i
ℏ ∫T

0 dt 1
2 m( ·ξ2− ·ξ′ 

2) FΨ[ξ, ξ′ ]

Encodes all the quantum 
effects of  on hij ξ

FΨ[ξ, ξ′ ] = ⟨Ψ |U†
ξ′ 
(T)Uξ(T) |Ψ⟩

Time evolution operators  
(gravitational part of the action) 

Computation of the 
Influence Functional



Computation of the 
Influence Functional

• First step: mode decomposition 


• Simplification: one direction, orthogonal to , single-
polarization

⃗ξ

Sh,ξ = −
1

64πG ∫ d4x ∂μhij∂μhij + ∫ dt
1
4

m··hij(t,0)ξiξj

= ∫ dt∑⃗
k,s

[ 1
2

·h2
⃗k,s

−
1
2

ω2
⃗k
h2

⃗k,s
+

1
4

g m··h ⃗k,sϵ
s
ij( ⃗k)ξiξj]

Sh,ξ = ∑
ω

[∫ dt ( 1
2

·h2
ω −

1
2

ω2h2
ω) + ∫ dt

1
4

g m··hωξ2]

Coupling constant  
involving G, ℏ Polarization



Computation of the 
Influence Functional

• Second step: mode by mode quantization 


• Third step: interaction picture + BCH formula

Ĥξ = ĤSHO + Ĥint
ξ

∝ ( ̂a + ̂a†)ξ2Free hamiltonian 
common to all modes

|Ψ⟩ = ⨂
ω

|ψω⟩

FΨ[ξ, ξ′ ] = F0[ξ, ξ′ ]∏
ω

⟨ψω |e−W* ̂a†eW ̂a |ψω⟩

Known functionals of ξ


